The main aim of this paper is to present a program on computer for decide if an universal algebra is a groupoid. Using the theory of groupoids and the program BGroidAP 1 we prove a theorem of classification for the groupoids of type (4; 2). 1
Introduction
The algebraic notion of groupoid was introduced and named by H. Brandt in the paper [ Uber eine Verallgemeinerung der Gruppen-begriffes. Math. Ann., 96, 1926, [360] [361] [362] [363] [364] [365] [366] . A groupoid ( in the sense of Brandt ) can be thought of as a generalized group in which only certain multiplications are possible and it contains several neutral elements.
Groupoids also appeared in Galois theory in the description of relations between subfields of a field K via morphisms of K in a paper of A. Loewy [ Neue elementare Begrundung und Erweiterung der Galoisschen Theorie. S.-B. Heidelberger Akad. Wiss. Math. Nat. Kl.1925 Kl. , 1927 . In differentiable context, the concept of groupoid has appeared in the work of C. Ehresmann [Catégories et structures. Dunod, Paris ] around 1950.
In the language of categories, a groupoid is a small category in which all morphisms are invertible. For more details concerning the groupoids and its applications in many areas of mathematics, see [1] - [4] , [6] - [8] .
The plan of this paper is as follows. In the first section we have collected the preliminary concepts concerning groupoids. In the second section we present an algorithm for to verify that a finite set endowed with structure functions has a groupoid structure. This algorithm is based on the theory of groupoids and is implemented on computer. The obtained program is denoted by BGroidAP 1. Finally, we ilustrate the utilisation of the program on some finite universal algebras. In particular, the program can be used for to test if a finite set endowed with a composition law has a structure of group.
1. The concept of Brandt groupoid as universal algebra Definition 1.1. Let (M, M 0 ) be a pair of nonempty sets, where M 0 a subset of M endowed with the surjections α, β : M → M 0 , called the source and the target map, respectively and a ( partial ) multiplication law µ : M (2) −→ M, (x, y) −→ µ(x, y), where M (2) = { (x, y) ∈ M × M | β(x) = α(y) }. We write sometimes x · y or xy for µ(x, y). The elements of M (2) are called composable pairs of M.
We say that the universal algebra (M, α, β, µ; M 0 ) is a semigroupoid, if the multiplication law is associative, i.e. (xy)z = x(yz), in the sense that, if one side of the equation is defined so is the other one and then they are equal( the element (xy)z is defined iff β(x) = α(y) and β(y) = α(z)). 2 Definition 1.2. ( [4] ) A monoidoid is a semigroupoid (M, α, β, µ; M 0 ) such that the identities property holds, i. e. for each x ∈ M we have (α(x), x), (x, β(x)) ∈ M (2) 
of M is called the unit set of M and we say that M is a M 0 -monoidoid. The functions α, β, µ are called structure functions of the monoidoid M. For each u ∈ M 0 , the set α −1 (u) ( resp., β −1 (u) ) is called α -fibre ( resp., β -fibre ) of the monoidoid M over u ∈ M 0 .
In the following proposition we summarize some properties of the structure functions of a monoidoid.
Then the following assertions hold:
2 Example 1.1. (i) A monoid M having e as unity, is just a {e} -monoidoid over a one point-base in the following way: M = M, M 0 = {e}, the source and target maps α, β : M → M 0 are constant maps, i.e. α(x) = β(x) = e for all x ∈ M ; for all x, y ∈ M we have α(x) = β(x) = e and hence the product x · y is always defined in M ( x · y is the product of elements x and y in the monoid M ).
Conversely, every monoidoid M with one unit ( i.e. M 0 is a singleton ) is a monoid.
(ii) The nul monoidoid over a set. Any nonempty set X may be regarded as a monoidoid on itself with the following monoidoid structure : M = M 0 = X, α = β = Id X ; the elements x, y ∈ X are composable iff x = y and we define x · x = x.
(iii) Disjoint union of two monoidoids.
We give on the set M the following structure: (2) or (x, y) ∈ M 2,(2) and we take µ(x, y) = µ i (x, y) if (x, y) ∈ M i, (2) , i = 1, 2.
In other words, two elements x, y ∈ M may be composed iff they lie in the same monoidoid M i , i = 1, 2 and they are composable in M i , i = 1, 2.
In the case when M 1 ∩ M 2 = ∅, we cosider the sets 
In particular, the disjoint union of monoids M i , i = 1, 2 is a monoidoid, called the monoidoid associated to monoids M i , i = 1, 2 ( for this monoidoid, the unit set is M 0 = {e 1 , e 2 } where e i is the unity of M i , i = 1, 2 ).
(iv) Let the nul monoid M 1 = {e} and the multiplicative monoid
The monoidoid F(S, X) . Let X be a given nonepmty set. We denote by
Thus F(S, X) ia a monoidoid, called the monoidoid of functions from S to X , where S is an arbitrary nonempty subset of the set X .
(ii) Let Oxy be a system of cartesian coordinates in a plane. We consider the subsets
where the functions f 3 : Ox → Oy, f 4 : Oy → Ox are defined by f 3 (x, 0) = (0, x) and f 4 (0, y) = (y, 0) ( σ Ox resp. σ Oy is called the saltus function defined on x -axis resp. y -axis ).
The set of composable pairs of M is
We have:
We obtain that (
2 Definition 1.3. Let (G, α, β, µ; G 0 ) be a monoidoid endowed with an injective map ι : G → G, x → ι(x), called the inversion map ( we shall write x −1 for ι(x) ). We say that (G, α, β, µ, ι; G 0 ) is a groupoid, if the inverses property holds, i.e. for each x ∈ G we have (
A G 0 -groupoid G will be denoted by (G, α, β; G 0 ) or (G; G 0 ). The maps α, β, µ and ι are called the structure functions of G. The map (α, β) :
By group bundle we mean a G 0 -groupoid G such that α(x) = β(x) for all x ∈ G . Moreover,a group bundle is the union of its isotropy groups G(u) = α −1 (u), u ∈ G 0 (here, two elements may be composed iff they lie in the same fiber
The definition of the Brandt groupoid is essentially the same as the one given by A. Coste, P. Dazord and A. Weinstein in [2] .
(ii) A groupoid is a monoidoid in which every element is invertible.
This monoidoid is not a groupoid, since the element 0 is not invertible.
(
We define the map ι :
It is easy to verify that (M, α, β, µ, ι; M 0 ) is a groupoid, called the groupoid of saltus functions defined on the axes of coordinates in a plane. We will denote this groupoid by F (4;2) (R 2 ).
The
Hence, the anchor map is surjective.
2 In the following proposition we summarize some properties of the structure functions of a groupoid obtained directly from definitions. Proposition 1.2. Let (G, α, β, µ, ι; G 0 ) be a groupoid and u ∈ G 0 .
Proof. Using the Proposition 1.1 ( each groupoid is a monoidoid ) and the definitions, it is easy to prove that the assertions (1.
The category BGroid of groupoids has as its objects all groupoids (G, α, β; G 0 ) and as morphisms from (G, α, β; G 0 ) to (G ′ , α ′ , β ′ ; G ′ 0 ) the set of morphisms of groupoids. Example 1.4. (i) A group G having e as unit element is just a {e} -groupoid and conversely, every groupoid with one unit element is a group. It follows that the category Gr of groups is a subcategory of the category BGroid.
(ii) Any nonempty set G 0 may be regarded as a nul monoidoid on itself ( see, Example 1.1 (ii) ). If we consider the map ι : G 0 → G 0 as the identity map on G 0 , we obtain that (
We consider the disjoint union (
In particular, the disjoint union of groups G i , i = 1, 2 is a groupoid, called the groupoid associated to groups G i , i = 1, 2 ( for this groupoid, the unit set is G 0 = {e 1 , e 2 } where e i is the unity of G i , i = 1, 2 ). 2 A finite groupoid (G; G 0 ) such that | G | = n and | G 0 | = m is called (n; m) − groupoid or finite groupoid of type (n; m) . Example 1.5. (i) Each finite groupoid of type (n; 1) is a group.
(ii) Each finite groupoid of type (n; n) is a nul groupoid.
(iii) The groupoid F (4;2) (R 2 ) ( see, Example 1.3 (ii) ) is a finite transitive groupoid of type (4; 2).
(iv) Let be the Klein 4 -group K 4 = { (1), σ = (12)(34), τ = (13)(24), σ • τ = (14)(23) } ⊂ S 4 ( it is a subgroup of the symmetric group S 4 of degree 4 ). We have σ 2 = τ 2 = (1) and τ • σ = σ • τ.
We consider the disjoint union G = K 4 Z 4 of the groups K 4 and Z 4 , where Z 4 = { 0, 1, 2, (3) } is the group of congruences classes of integers modulo 4. We obtain a groupoid G of order 8 with unit set G 0 = { (1), 0 } of type (8; 2).
The structure functions α, β , ι and µ of G = K 4 Z 4 are given in the following tables:
The program BGroidAP 1 for to test if an universal algebra is a groupoid
We consider a given finite universal algebra (G, α, β, µ, ι; G 0 ) such that | G | = n and | G 0 | = m with 1 ≤ m ≤ n. We denote the elements of G by a 1 , a 2 , · · · , a m , a m+1 , · · · , a n such that
Hence, the elements a k , k = 1, m are the units of G.
We give an algorithm for decide if the universal algebra (G, α, β, µ, ι; G 0 ) is a G 0 -groupoid. This algorithm is constituted by the following stages.
Stage I. We introduce the initial data: n -the number of elements of G; m -the number of elements of G 0 ; the functions α, β, ι and µ given by its tables of structure.
Stage II. Test if the universal algebra (G, α, β, µ, ι; G 0 ) considered in the first stage is a groupoid. For this, the following steps are executed: step 1. (G, α, β, µ, ι) is a structure well-defined, i.e. the functions α, β are surjections, ι is injective and µ is defined on the composable pairs G (2) with values in G; step 2. (G, α, β, µ) is a semigroupoid, i.e. the multiplication law µ is associative; step 3. the semigroupoid (G; G 0 ) is a monoidoid, i.e. the identities property is verified; step 4. the monoidoid (G; G 0 ) is a groupoid, i.e. each element of G is invertible. step 5. If the above steps are satisfied, make the tables of the structure functions α, β, ι and µ and write the mesage "G is a groupoid ".
Let us we present the correspondence between the initial data and input data:
In the table of µ the element µ(a j , a k ) = a j · a k is defined iff β(a j ) = α(a k ). The absence of an element from the arrow "j" and the column "k" indicates the fact that the pair (a j , a k ) ∈ G × G is not composable. The element a jk is represented by 0 if the product a j · a k is not defined.
Example 2.1. Consider the groupoid G = F (4;2) R 2 given in Example 1.3 (ii). We have The implementation of the above algorithm on computer is realized in the program BGroidAP 1. This program is composed from two modules denoted by unit11.df m and unit11.pas . The module unit11.pas is composed from the principal program followed of procedures and functions. This is presented as follows. We illustrate the utilisation of the program BGgroidAP 1 in the following examples.
Example 2.2. Consider the universal algebra (G, α, β, µ, ι; G 0 ), where G = { x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 , x 8 , x 9 }, G 0 = { x 1 , x 2 , x 3 } and the inputs data are the following: Therefore, G is not a groupoid of type (6; 1) ( hence , G is not a group ). We have that G is a monoid. 2 Theorem 2.1. (theorem of classification ) Let (G, α, β, µ, ι; G 0 ) be a groupoid of type (4; 2). Then the groupoid G is isomorphic with one from the following groupoids:
where F (4;2) (R 2 ) is the groupoid of saltus functions defined on the axes of coordinates in a plane.
Proof. Let the groupoid (G, α, β, µ, ι; G 0 ) of type (4; 2), where G = { a 1 , a 2 , a 3 , a 4 } and G 0 = { a 1 , a 2 }.
For the surjections α, β : G → G 0 with properties α(a k ) = β(a k ) = a k , for k = 1, 2 exists the following situations given by the tables : 1 a 2 a 1 a 2  β(a) a 1 a 2 a 2 a 1 In the Case 1, for the injective map ι : G → G with property ι(a k ) = a k , for k = 1, 2 exists the following cases given by the tables: 1 a 2 a 3 a 4 Case1.2. a a 1 a 2 a 3 a 4 ι (a) a 1 a 2 a 4 a 3 In the Case 1 the set G (2) of composable pairs of the groupoid (G; G 0 ) is G (2) = {(a 1 , a 1 ); (a 2 , a 2 ); (a 2 , a 3 ); (a 2 , a 4 ); (a 3 , a 2 ); (a 3 , a 3 ); (a 3 , a 4 ); (a 4 , a 2 );  (a 4 , a 3 ); (a 4 , a 4 ) }.
Case 1.1. Using the fact that µ(a k , a k ) = a k for k = 1, 2 and the properties of the functions α, β and ι , the structure table of µ in the situation of Case 1.1 is the following :
In this case, it follows that for µ we have the following situations: Cases 1.1.1 -1.1.9 obtained by taking µ(a 3 , a 4 ) ∈ { a 2 , a 3 , a 4 } and µ(a 4 , a 3 ) ∈ { a 2 , a 3 , a 4 }.
If we introduce the initial data in each situation of Case 1.1.1-1.1.9 and apply the program BGroidAP 1, we obtain that (G; G 0 ) is not a groupoid.
Case 1.2. Using the fact that µ(a k , a k ) = a k for k = 1, 2 and the properties of the functions α, β and ι , the structure In this case, it follows that for µ we have the following situations: Cases 1.2.1 -1.2.9 obtained by taking µ(a 3 , a 3 ) ∈ { a 2 , a 3 , a 4 } and µ(a 4 , a 4 ) ∈ { a 2 , a 3 , a 4 }.
If we introduce the initial data in each situation of Case 1.1.1-1.1.9 and apply the program BGroidAP 1, we obtain that (G; G 0 ) is a groupoid when µ(a 3 , a 3 ) = a 4 and µ(a 4 , a 4 ) = a 3 ( in the other cases, G is not a groupoid ). For this situation, the structure functions α, β, ι and µ are given by the tables: It is easy to prove that this groupoid is the union of two groups and it is isomorphic with { e } Z 3 . Hence, G ∼ = { e } Z 3 .
Case 2. Applying the same methode as in the Case 1, we obtain that the groupoid G is the disjoint union G 1 ∪ G 2 , where G 1 = { a 1 , a 3 } such that a 2 3 = a 1 and G 2 = { a 2 , a 4 } such that a 2 4 = a 2 . For this groupoid, the structure functions α, β, ι and µ are given by the tables: It is easy to prove that this groupoid isomorphic with Z 2 Z 2 . Hence,
Case 3. Similarly, we obtain that the structure functions of the groupoid G are given by the tables: It is easy to prove that this groupoid isomorphic with F (4;2) (R 2 ), see Example . Hence, G ∼ = F (4;2) (R 2 ). We observe that in this case , G is not a group bundle.
2 For more details concerning the program BGroidAP 1, the reader can be inform at e-mail adress: ivan@hilbert.math.uvt.ro.
